We extend the fully non-linear and exact cosmological perturbation equations in a Friedmann background universe to include the background curvature. The perturbation equations are presented in a gauge ready form, so any temporal gauge condition can be adopted freely depending on the problem to be solved. We consider the scalar, and vector perturbations without anisotropic stress.
Introduction
The relativistic cosmological perturbation theory is the one of most important theoretical tools to explain the cosmological observations. Bardeen [1] presented a powerful cosmological perturbation formulation in which the temporal gauge conditions can be applied freely depending on the characters of the problem to solve [1] . Bardeen's linear cosmological perturbation formulation was extended in [2, 3, 4] and to the second order [5] . In the recent work [6] , we have extended Bardeen's formulation to the fully non-linear cosmological perturbations in the flat Friedmann universe. In [6] the equations are presented in the gauge ready form, so the temporal gauge is not fixed. We assumed the flat Friedmann background universe. We considered the scalar, and vetor perturbations of a fluid without anisotropic stress. As is explained in [6] , the transverse and tracefree tensor perturbations are not considered because of the technical difficulties. Instead, the tensor perturbation can always be handled to the nonlinear order perturbatively.
In this work, as one of the extensions we consider the fully non-linear perturbations in Friedmann background universe with the general background curvature.
In Section 2 we summarize the metric and the energy momentum tensor convention and the gauge conditions. In Section 3 we present the exact and fully nonlinear perturbation equations. In Section 4, as an application we show the case in the comoving gauge. We present the closed form of second-order differential equation for the perturbed energy density δ. Especially, the zero-pressure case was analyzed in detail. In Section 5 we present the fully nonlinear perturbation equations for the minimally coupled scalar field in a non-flat background model. In Section 6 the discussion is given. In the Appendix, the details useful for deriving the fully nonlinear perturbation equations are shown.
Convention and gauge condition
In perturbed Friedmann universe with a background curvature the metric is given as
where a(η) is the cosmic scale factor. We assume
|i , and C (t)i
and C (t) ij raised and lowered by g (3) ij as the metric; g (3) ij becomes δ ij in a flat background; indices (v) and (t) indicate the vector-and tensor-type perturbations, respectively; a vertical var indicates the covariant derivative based on the g (3) ij as the metric tensor. Indices a, b, . . . indicate the spacetime indices, and i, j, . . . indicate the spatial ones. The metric g (3) ij is the background comoving three-space part of the Robertson-Walker metric, and is given as
where
The background curvature K is defined in equation (64). We decompose the spatial vector into longitudinal and transverse parts as
i , and a symmetric spatial tensor into longitudinal, trace, transverse, and tracefree-transverse parts as C ij = ϕg
ij [7] . All spatial indices are raised and lowered by g (3) ij as the metric. The transverse part corresponds to the vector-type perturbation, and the tracefree-transverse part corresponds to the tensor-type perturbation. The longitudinal and trace parts correspond to the scalar-type perturbation. In the homogeneous-isotropic background the three types of perturbations decouple from each other, only to the linear order. In the nonlinear order we have couplings among the scalar-, vector-and tensor-types of perturbations. As in [6] , here we consider only the scalar-and vector-type perturbations.
As the spatial gauge condition we choose
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This is the only spatial gauge condition which does not leave the gauge mode and allows the derivation of the fully nonlinear perturbation equations; see Section 2 of [6] . Then, our metric becomes
Considering an ideal fluid and choosing the energy frame we have the energy momentum tensor [8, 9, 10, 11] .
where µ and p are the energy density and the pressure, respectively, u a is the normalized fluid four-vector with u a u a ≡ −1; tildes indicate the covariant quantities. We define
where µ and p are the background energy density and pressure, respectively; γ is the Lorentz factor. We decompose
with v ij as the metric. The perturbed metric and fluid quantities could have arbitrary amplitude.
Our fully nonlinear equations are arranged without fixing the temporal gauge conditions which we call the "gauge ready" methods. As Bardeen introduced [1] , the gauge ready method has the advantage in the sense that any gauge conditions can be adopted depending on the problem at hand. We have several temporal gauge conditions available. The fundamental gauge conditions are the comoving gauge ( v = 0), the zeroshear gauge (χ = 0), the uniform-curvature gauge (ϕ = 0), the uniform expansion gauge (κ = 0), the uniform-density gauge (δ = 0), and the synchronous gauge (α = 0); for κ, see later. Except for the synchronous gauge, all above gauge conditions remove the gauge mode completely, and the variables in those gauge conditions are gauge invariant. The detailed gauge issues to the nonlinear order are explained in Section 2 of [6] .
Exact and fully nonlinear perturbation equations in a gauge-ready form
Based on the ADM (Arnowitt-Deser-Misner) and the covariant formulation [12] , [8] - [10] we can derive the fully non-linear perturbation equations in a non-flat Friedmann background universe; the ADM and the covariant set of equations are presented in the Appendix A and C of [6] , and the quantities useful for derivation are presented in the Appendix. An overdot indicates the covariant derivative based on t with cdt ≡ adη.
Definition of κ:
ADM energy constraint:
ADM momentum constraint:
Trace of ADM propagation:
Tracefree ADM propagation:
ADM energy conservation:
|i
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Instead of the ADM-energy and momentum conservation equations, we can use the covariant energy and the momentum conservation equations; see the Appendix C in [6] . Covariant energy conservation:
Covariant momentum conservation:
The equation (10) 
Now, we have the complete set of the fully nonlinear perturbations in (10)-(18) in a non-flat background universe.
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The dimensions are,
Analysis in the Comoving gauge
We see that the background curvature term explicitly appears in the ADM energy constraint equation only. The effect of background curvature appears in the ADM momentum constraint equation as well: see equations (11) and (12) . In order to see the effects of the background curvature in detail, in this section we consider the scalar-type perturbations, so v i = − v ,i and χ i = χ ,i . We take the comoving gauge
thus v i = 0. From equation (16) or (18) we have
Equations (10)- (18) are the complete set of equations for the variables δ, κ, ϕ, χ and α.
Since the comoving gauge completely fixes the gauge modes, all perturbation variables in the comoving gauge are gauge invariant even to the nonlinear order: see Section 2 in [6] . Subtracting the background equation, equations (15) or (17) gives
Equation (13) gives
Combining these we have a second-order differential equation for µ.
Zero-pressure case
Now, we assume the pressure is negligible, then N ,i = 0 from equation (22). Thus, we have N = 1 and
Notice that even in the zero-pressure case, with our choice of the spatial gauge condition γ = 0, to the nonlinear order the comoving gauge ( v = 0) does not imply the synchronous gauge (α = 0) [13] .
Using equations (13), (15), (11) and (12) we have the complete set of equations for δ and κ. Equation (23) and (24), respectively, givė
From these we havë
The variables χ and ϕ are obtained from equation (12) and (11), respectively
To the linear order, using equations (10) and (29) we havė
Thus, in the presence of the background curvature, ϕ in the comoving gauge is not conserved even to the linear order, while in a flat background, we haveφ = 0.
Pure relativistic corrections to fully nonlinear order
In order to see the pure Einstein's gravity corrections, we arrange Equations (26), (27) and (29) aṡ
The pure relativistic corrections appear through ϕ, the spatial curvature perturbation in the comoving gauge, and these are presented in the right-hand-side of the equations. The background curvature can be regarded as the pure relativistic correction as well.
Relativistic/Newtonian correspondence
In the flat background, we found that Equations (32)- (33) without ϕ exactly coincide with the Newtonian hydrodynamic equations of the mass and the momentum conservation as shown in Section 5.3 of [6] . In this section, in order to see the relativistic/Newtonian correspondence in the presence of the background curvature, we consider the weak gravity limit, thus neglect ϕ terms. Equations (32)-(34) givė
We identify δ and u as the Newtonian density and velocity perturbations with
where u ≡ ∇u. Equation (37) can be arranged to give
We can rewrite the equations (35), (36) aṡ
where we have located the background curvature contribution in right-hand-side of the equations. In the presence of the background curvature, we have additional relativistic contribution from the background curvature to the Newtonian equations. Notice that the right-hand-sides are the second order.
In the case of the flat background, the relativistic and Newtonian correspondence was presented in [6] . Up to the second order, the perturbation equations including the background curvature have been investigated in our previous work [14] . The background curvature effect also appears from the second order in perturbation.
The pure Einstein's gravity contributions appear in terms of the background curvature and ϕ to the fully nonlinear order. We have shown that the ϕ terms start to appear from the third order perturbation, thus in a flat background we have exact relativistic/Newtonian correspondences of the density and velocity perturbations to the second-order perturbation [5] .
Minimally coupled scalar field
In this section we present the fully nonlinear and exact formulation for a minimally coupled scalar field.
We consider a minimally coupled scalar field φ. The energy and momentum tensor is
and the equation of motion is
Equation (8) gives the fluid quantities. In this section, we set c ≡ 1.
Since the minimally coupled scalar field has no anisotropic stress, the same fluid formulation remains valid: the fluid quantities are replaced by the ones in terms of the scalar field.
From Equations (7) and (42) we have
where h ab ≡ g ab + u a u b is the projection tensor and ˙ φ ≡ φ ,c u c . We set φ = φ + δφ, where φ(η) is the background order scalar field, and the δφ is the perturbed part with arbitrary amplitude .
We obtain
where we define
From equations (42) and (8) we have
Equations (9) and (47) provide
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We also have
From equation (43) we have
Equation (50) gives
To the background order, we have
andφ
The entropic perturbation e is given by
From equation (48) we notice that δφ = 0 implies v i = 0, and v = 0 also implies φ = const in space, thus δφ = 0 as well. Thus, to the fully nonlinear order, the comoving gauge (v ≡ 0) implies the uniform-field gauge (δφ ≡ 0) and vice versa.
In the comoving gauge we have
To the background order, we obtain
and to the fully nonlinear order, we obtain
Now, we see that in the comoving gauge the ideal fluid equations in equations (10)- (18) remain valid with the perturbed equation of state given as δp = δµ.
Discussion
In this work, we have extended our recent work on the fully nonlinear cosmological perturbation [6] to include the background curvature. The equations are presented in a gauge-ready form, so the temporal gauge conditions are not fixed and can be applied easily depending on the problem to solve. The background curvature terms appear explicitly only in the energy and momentum constraint equations. As an application we considered a zero-pressure irrotational fluid in the comoving gauge. We show that in the presence of the background curvature the pure general relativistic correction appears from the second order. Also, we present the exact and fully nonlinear equations for the minimally coupled scalar field in the non-flat background.
The scale factor a is a function of conformal time (x 0 = η), whereas α, χ i and ϕ are general functions of space and time with arbitrary amplitude. The inverse metric is given by
The ADM metric can be obtained by
ij , h ij = 1 a 2 (1 + 2ϕ) g (3)ij ,
thus
and n i ≡ 0, n 0 = −aN , n i = χ 
The extrinsic curvature gives
